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Energy Spectrum of a Two-Parameter Deformed
Hydrogen Atom
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Utilizing the dynamic symmetry of the two>parameter deformed (¢, s>deformed)
quantum group SO(4),, the ¢, s»deformed hydrogen atom is transformed into
a 4dimensional ¢, s»deformed isotropic oscillator subjected to a constraint
condition, and the energy spectrum of the ¢, s>deformed hydrogen atom
is derived.

The Hamiltonian of a 3>dimensional hydrogen atom in the centerof>
mass frame is given by

_ 22 2
H=—"12v - (1)
2u r

which means that the hydrogen atom has the dynamic symmetry of SO(4)
group. Introducing the Runge—Lenz vector operators

pr LXp—pXL) )
- 2pe2( p—p
we have
- -
[H, L] =[H A] =0 (3)
- -
L-A=A-L (4)
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. . . _5 _5 .
It is easy to find that SO(4) group can be constructed via L and 4. We define

two new operators

7=+ An, = (L - A (5)

4 =]

The SO(4) group is equivalent to SO(3, J) ® SO(3, ?), and the following
commutative relations hold:

[Jo, J«] = *Jx, [, J-] = 2Jo (6)
(Ko, K+] = *K+,  [Ki, K-] = 2K, (7)

The Jordan—Schwinger realizations of 7 and K can be obtained from
the four independent bosonic oscillators:

Jo=aitan, J-=da, Jo= (N — N)2 (8)

Ki=aias, K-=ajas, Ko=(Ns— Ny/2 )
where a; a; = Ni, aia; = Ni + 1 (for i = 1, 2, 3, 4), and

lan,ai]=1, [Nya]l= —a, [Nya]l=a (10)

It is well known that the 3>dimensional hydrogen atom is equivalent to
a $dimensional oscillator subjected to a constraint condition (Kustaanheimo
and Steifel, 1965; Gerry, 1986; Kibler and Négadi, 1991). The constraint
condition is equivalent to Eq. (4); one has

Jr=K? (11)

The Hamiltonian of the 4>dimensional oscillator is

1, ¢
¥ = 5 ho ,; (a aj + aja;) (12)

where ® = +/ —E/2p, and E is the energy of hydrogen atom. The eigenvalue
of ¥ is given by

4
¢ =hm(z1 n,—+2)=e2 (13)

From Eq. (11), one have the constraint condition

ny+n=mn+ ny (14)
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with n; (i = 1, 2, 3, 4) the eigenvalue of operator a; a;. Therefore the energy
spectrum of a 3>dimensional hydrogen atom is

4
—ue
E= 2w S

with n = n; + n2 + 1 = n3 + ng4 + 1. the eigenstate of the hydrogen atom
in the occupation number representation is

‘n) = ‘m)‘nz)‘ng)‘m) = ‘m)‘nz)‘m)‘m + ny — n3) (16)

where

ny = ((a YN niboy (17)
(a1+ + 612+ _ a}*)n1+n2*n3
\/(I’l] + ny — n3)!

We now construct a ¢, s»deformed hydrogem atom. We generalize Eq.
(4) to the ¢, s»deformed case, i.e.,

n + ny — n3) = ‘0> (18)

S 5 = >
Lys-Ags = Ags Lys (19)

Correspondingly, a close ¢, s>deformed quantum group SO(4),,s ~ SU(2) s X
SU(2)4s can be formed via vectors L, and A4,. We define

- - - - - -
J' =Ly + A2,  K' =Ly — Ag)2 (20)

It is easy to check that 7’ and :1” satisfy the commutative relations of the
q, s»deformed quantum group SU(2)4s (Jing and Cuypers, 1993) and

[Jh, Ji] = +J%, ST — ST = s 1)
[Ki, Ki] = =K%, s KiK. — sKLK) = s 25[2K))] (22)
and we get
_5,2 2o 2 ’ A
I = STLT A+ [Tl Jb + 1) (23)
_5,2 _ 2Ky 2t 7 7 A
K'? = 25(P2KKY + [Kolo[Kb + 114) (24)

where we have used the notation [x], = s' [x] = s' (¢" — ¢ (g — ¢ ).
In dier to obtain the Jordan—Schwinger realization of the ¢, s»deformed

vectors J' and Ki, we introduce four independent ¢, s>deformed bosonic

oscillators {ai, ai , Ni} (i = 1, 2, 3, 4) (Jing and Cuypers, 1993):

aiai = [Nilg, atal™ = [Ni + 14 (25)
astah = [N3]yst, asas™ = [Nh + 1], (26)
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+

astas = [N5]gs, asay” = [N5 + 1] (27)
abtay = [Nilys ", ahay™ =[Ny + 1], (28)

The following relations hold:

atai™ — s 'qattal = (sq)™™, asast — s7'qasTas = (sq)™™V (29)
asayt — sq '\abtas = (sq)N2 ahas™ — sq 'abtal = (s9)™  (30)
with the notation [x]4~! = s* X

The Jordan—Schwinger realizations of vectors J'and K’ can be written as
Jv = ai*as, J- = at"ai, Jo = (N1 — Np)/2 (31
K% = ai"al, K- = ai"aj, Ko = (N3 — Ny)/2 (32)

It is easy to prove that Eqgs. (31)-(32) satisfy Egs. (21)-(22).
From the above results, the Hamiltonian of a 4»>dimensional ¢, s>
deformed oscillator is

i Z(’*’ aja”) (33)

\/ —E;/12n (34)

where E, stands for the energy of the ¢, s>deformed hydrogen atom.
We can define the vacuum state |0) from «/|0) = O:

almye = ndalni — e =13 (35)
aj ni)qs = \/[ni]'ib'_I nig — 1>'JS (l =2, 4) (36)

a +ni>qs = \/[”I + g

ai* NiYgs = \/[”I + 1y

n; + 1>qs,

n; + 1 >qs,

So we have the eigenvalue of Eq. (33),

€ =T hoyi[n + g + [mly + [m2 + ' + [12]7!

1
2
+ [n3 4+ g + [m3]gs + [ma + 1! + [l =€ (37)
From Eqgs. (34) and (37), we have the energy spectrum of the ¢, s»
deformed hydrogen atom,
Ep = —ue’
TR+ gs + [milgs + [n2 4 g5
+ [n2]gs™! + [n3 + Lgs + [n3]gs + [na + 1]g7! + [”4](1-?71)}2

(3%)
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On the other hand, the constraint condition is

_ ny — Ny ny — Ny
" "z{sz[nl + glnalyst + 1 +1 }
qs

2 2

qs

2 2

qs

ny —n ny — n
= s"3"4{s2[n3 + Nylnaly—! + | — — }(39)
qs

In particular, Eq. (38) reduces to the general case of the hydrogen atom as
g —> land s — 1.
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